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The dynamic behaviour of piezoelectric sensors depends on the bonding condition along
the interface between the sensors and the host structure. This paper provides a compre-
hensive theoretical study of the effect of the bonding layer on the coupled electromechan-
ical characteristics of a piezoelectric sensor bonded to an elastic substrate, which is
subjected to a high frequency elastic wave. A sensor model with a viscoelastic bonding
layer, which undergoes a shear deformation, is proposed to simulate the two dimensional
electromechanical behaviour of the integrated system. Analytical solution of the problem is
provided by using Fourier transform and solving the resulting integral equations in terms
of the interfacial stress. Numerical simulation is conducted to study the effect of the bond-
ing layer upon the dynamic response of the sensor under different loading frequencies. The
results indicate that the modulus and the thickness of the bonding layer have signiﬁcant
effects on sensor response, but the viscosity of the bonding layer is relatively less
important.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Newly developed piezoelectric materials with strong electromechanical coupling, such as piezoceramics, have attracted
signiﬁcant attention from both research and industrial communities because of their potential usage as sensors/actuators in
the design of the so-called smart structures (Gandhi and Thompson, 1992; Banks et al., 1996; Chee et al., 1998; Cohen, 2000;
Boller, 2000). These new piezoelectric sensors are low in cost, compact in size, highly sensitive over a large range of fre-
quency, and can be easily fabricated into different desired shapes. As a result, they are suitable for real-time health moni-
toring of structures (Park et al., 2005, 2006; Dalton et al., 2001; Giurgiutiu et al., 2002; Fukunaga et al., 2001). As sensors,
piezoelectric patches are usually bonded to structures to measure the strain by transforming mechanical deformation into
electric voltage. The existence of sensors may disturb the mechanical ﬁeld to be measured, especially for the case where the
stiffness of the piezoelectric sensors, piezoceramic ones for example, is comparable to that of the host structure. In addition,
the bonding condition between the sensor and the host structure will also affect the performance of the sensor. It becomes,
therefore, an important issue to study the coupled electromechanical behavior of these sensors with bonding layers to reli-
ably evaluate the relation between the measured signal and the local mechanical deformation.
Due to the presence of material discontinuity between the piezoelectric sensors and the host structure, complicated local
electromechanical ﬁelds will be generated near the edge of sensors. The local stress distribution will affect the load transfer
between the sensor and the host structure, and therefore inﬂuence the performance of the sensor. To study the static load
transfer between the piezoelectric elements and the host structure, simpliﬁed sensor/actuator models have been established.. All rights reserved.
. Wang).
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load transfer (Crawley and de Luis, 1987). In this analysis, the axial stress in the piezoelectric elements is assumed to be uni-
form across their thickness. A Bernoulli–Euler model of a piezoelectric thin-sheet bonded to a beam is further developed by
considering the linear stress distribution across the thickness of the piezoelectric element (Crawley and Anderson, 1990). A
reﬁned actuator model based on the plane stress condition is studied to investigate the electromechanical behavior of a
beam with symmetrically surface-bonded actuator patches (Lin and Rogers, 1993b). Plate and shell models have also been
extensively used in modelling the electromechanical behavior of piezoelectric structures (Dimitriadis et al., 1991; Tzou and
Tseng, 1991; Mitchell and Reddy, 1995; Banks and Smith, 1995; Han and Lee, 1998). The static local stress ﬁeld near a thin-
sheet piezoelectric element attached to an inﬁnite elastic medium is studied to investigate the stress concentration and the
load transfer between the piezoelectric element and the host medium (Wang and Meguid, 2000). Similar analysis is also con-
ducted to determine the static electromechanical ﬁeld of a piezoelectric layer bonded to an elastic medium with both inter-
facial and normal stresses being considered (Zhang et al., 2003a,b).
A one dimensional actuator model has recently been developed to study the dynamic load transfer between piezo-
electric actuators and elastic host medium when the system is subjected to in-plane mechanical and electrical loads
(Wang, 1999). This actuator model is further modiﬁed to study problems with varying electric ﬁeld distribution along
the actuators (Wang and Huang, 2006), with the effect of both the longitudinal and the transverse deformations of
the actuators being considered. Similar to this actuator model, a one dimensional sensor model has also been established
to study the relation between the sensor response and the deformation of the host medium under static and dynamic
loads (Wang and Huang, 2006).
In these studies, however, the sensors/actuators are assumed to be perfectly bonded to the host structures. Typi-
cally, piezoelectric sensors are bonded to the host structure by epoxy or conductive epoxy. As a result, a bonding layer
will be generated. Since the modulus of the bonding layer is usually lower than that of the sensors and the host struc-
ture, it may signiﬁcantly affect the local stress distribution. Recently, several studies have been conducted to investi-
gate the effect of bonding layers for piezoelectric structures under low frequency vibration. The result indicates that
the controllability of piezoelectric structures can suffer when the mechanical properties of the bonding layer are ig-
nored in their dynamic analysis (Akella et al., 1994; Nakra, 2005). In the study of the vibration properties of composite
beams with attached sensors and actuators (Park et al., 2000), it is found that, by selecting the proper adhesives, the
controllability of cantilever beams can be optimized. The inﬂuence of the bonding layer parameters on the active
damping response of a controlled simply-supported beam is analyzed using attached piezoelectric sensors under low
frequency harmonic loads (Pietrzakowski, 2001). A three dimensional sensor model, in which the bonding medium
is considered as an elastic layer with a ﬁnite stiffness in the thickness direction is also proposed to study the effect
of the shear stress in the bonding layer on the sensing effectiveness of piezoelectric patches (de Faria, 2003). These
work contributed signiﬁcantly to the study of the effect of the bonding layer in these integrated structures under
low frequency loads. For the cases where high frequency loads are applied, the inertia effect must be considered
and the bonding layer may play a more important role because of the fact that a wave with a shorter wavelength will
be more sensitive to interfacial layers.
It is, therefore, the objective of the current paper to provide a comprehensive theoretical study of the effect of the bonding
condition on the dynamic behavior of surface-bonded piezoelectric sensors. An integrated model containing a piezoelectric
thin-sheet, a viscoelastic bonding layer and an elastic medium (host) is proposed to evaluate its dynamic property under dif-
ferent loading frequencies. Numerical simulation is conducted to simulate the effect of the geometrical and material prop-
erty of the system, especially that of the bonding layer upon the coupled response of the sensors.Fig. 1. Geometry of the system.
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The system considered is a homogeneous and isotropic elastic medium with a surface-bonded piezoelectric sensor. The
sensor is attached to the host medium through a thin bonding layer, as illustrated in Fig. 1. Plane strain deformation is as-
sumed to simulate the case where the width of the sensor is large in comparison with its length. The dimension of the sensor
is assumed signiﬁcantly smaller than that of the host structure. Therefore, the host structure is modeled as a semi-inﬁnite
medium. The lengths of the sensor and the bonding layer are denoted as 2a, and the thickness of the sensor and the bonding
layer are denoted as h and h0, respectively. It is assumed that the poling direction of the piezoelectric sensor is along its thick-
ness, parallel to the z-axis shown in Fig. 1. The system is subjected to a harmonic incident wave with a frequency x and an
incident angle h0. For the steady state response of the system, the time factor exp(ixt), which applies to all the ﬁeld vari-
ables, will be suppressed in the following discussions.
This study will focus on a thin-sheet sensor, with relatively small thickness in comparison with its length. Therefore, the
axial stress and strain can be assumed to be uniform across the thickness of the sensor. Since the thickness of the bonding
layer is usually smaller than that of the sensor, the same assumption is also used for the bonding layer. The interfacial shear
stress distributed between different layers, and the longitudinal displacements on the upper and lower surface of the bond-
ing layer are shown in Fig. 2.
2.1. The bonding layer
The bonding layer is the medium between the sensor and the host structure. Its shear modulus, thickness, and coefﬁcient
of viscosity, will govern the property of the layer.
The real shear stress s distributed in the layer is determined by the following constitutive relation,s ¼ lbey þ cb _ey ð1Þ
where ey is the real longitudinal strain of the bonding layer, and lb and cb are the shear modulus and the coefﬁcient of vis-
cosity of the bonding layer, respectively, with the subscript ’b’ representing the bonding layer. In Eq. (1),s ¼ s expðixtÞ ð2Þ
ey ¼ u
þ  u
h0
expðixtÞ ð3Þ
_ey ¼
o u
þu
h0
 
expðixtÞ
h i
ot
ð4Þwhere s is the magnitude of the shear stress distributed in the layer, u+ and u are the magnitudes of the longitudinal dis-
placements of the upper and lower bonding layer surfaces, respectively. Since u+ and u are not functions of time, Eq. (1) can
be rewritten as:s ¼ ðlb
h0
 ixcb
h0
Þðuþ  uÞ ð5ÞIt should be mentioned that when h0 approaches zero singularity may occur. In the numerical simulation, both sides of the
equation is multiplied by h0 to remove this singularity. Because of the continuity of the displacements, u+ and u also rep-
resent the longitudinal displacements of the lower surface of the sensor layer and the upper surface of the host medium,Fig. 2. Interfacial stress and deformation of the system.
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medium.
2.2. Modelling of the sensor
The current study focuses on the case where the system is subjected to a high frequency elastic wave, which has a wave
length comparable to the length of the sensor. In this case, the inertia effect of the sensor must be considered (Wang and
Huang, 2006), and the equation of motion of the sensor can be expressed as,drsy
dy
þ sðyÞ=hþ qsx2usy ¼ 0 ð6Þwhere the superscript ’s’ represents the sensor, rsy, qs, and usy are the axial stress along the sensor, the mass density, and the
axial displacement along the sensor, respectively.
The electromechanical behavior of the piezoelectric sensor can be described byrsy ¼ Es
ousy
oy
 esEz ð7Þ
Dz ¼ es
ousy
oy
þ ksEz ð8Þwhere Es, es and ks are effective material constants given in Appendix A, Dz and Ez represent the electric displacement and the
electric ﬁeld intensity, respectively.
Since there is no external force applied at the two ends of the sensor, traction free boundary condition can be applied as
follows,rsy ¼ 0; jyj ¼ a: ð9Þ
In addition, the sensor will be assumed to operate in an open-loop mode with no external charge supplied to it (Lee and
Moon, 1989). Therefore, the electric displacement across the sensor will be zero,Dz ¼ 0: ð10Þ
By using Eqs. (7)–(10), Eq. (6)can be solved, and the longitudinal displacement of the sensor can be obtained as,usyðyÞ ¼ 
cos½ksðaþ yÞ
ksEs sin 2ksa
Z a
a
cos½ksðn aÞpðnÞdn 1
ksEs
Z y
a
sin½ksðy nÞpðnÞdn jyj < a ð11ÞwherepðyÞ ¼ sðyÞ
h
; ks ¼ xcs ; cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Es=qs
q
; Es ¼ Es þ e
2
s
ks
ð12Þwith ks and cs being the wave number and the axial wave speed of the sensor, respectively.
2.3. Dynamic behaviour of the host medium
The dynamic plane strain displacement ﬁeld in a homogeneous isotropic elastic medium is governed by Achenbach
(1973),uy ¼ oUoy þ
oW
oz
; uz ¼ oUoz 
oW
oy
ð13Þwhere U and W are two displacement potentials which satisfyðr2 þ K2ÞU ¼ 0; ðr2 þ k2ÞW ¼ 0 ð14Þ
in which the Laplace operator r2 stands for o2oy2 þ o
2
oz2 and K and k are two wave numbers deﬁned asK ¼ x=cL; k ¼ x=cT ð15Þ
with cL and cT being the longitudinal and transverse shear wave speed of the elastic medium, respectively.
The stress ﬁeld generated inside the host medium can be divided into two parts, as shown in Fig. 3. The ﬁrst is caused by
the incident wave in the host medium with a traction free boundary and the second is caused by surface shear stress s re-
sulted from the sensor. For the ﬁrst subproblem, once the incident wave reaches the free surface of the host medium, it will
be reﬂected and the displacement along the surface of the host medium uIy can be easily obtained using the theory of wave
propagation and the boundary condition, as given in Appendix B. For the second subproblem, the displacement induced by s
can be determined by solving Eq. (14), as described in the following discussion.
Using the following Fourier transform
Fig. 3. Superposition of subproblems.
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2p
Z 1
1
f ðyÞeisy dy; f ðyÞ ¼
Z 1
1
f ðsÞeisy ds: ð16Þthe general solution of Eq. (14) for the second subproblem can be expressed asUðs; yÞ ¼ AðsÞeaz; Wðs; yÞ ¼ BðsÞebz ð17Þ
from which the displacement components can be obtained asuy ¼ isAðsÞeaz þ bBðsÞebz ð18Þ
uz ¼ aAðsÞeaz þ isBðsÞebz ð19Þwhere (*) represents Fourier transform. A(s) and B(s) are two unknown functions of s, and a and b are given bya ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  K2
p
jsj > K
i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2  s2
p
jsj < K
8><
>: b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  k2
p
jsj > k
i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  s2
p
jsj < k
8><
>: ð20Þwhich ensure that the induced stress ﬁeld satisﬁes the radiation condition of the problem.
By making using of the general solution of uy and u

z and the following boundary conditionsryzðy;0Þ ¼ s; jyj < a;
rzðy;0Þ ¼ 0

ð21Þthe dynamic displacement of the second subproblem along the interface between the bonding layer and the host medium
can be determined. The total displacement can then be obtained by superimposing the solutions of both parts, which can
be expressed asuhyðy;0Þ¼
1
plh
Z 1
0
bk2
ð2s2k2Þ24s2ab
þ k0
2s
" #Z a
a
sðnÞcos½sðynÞdndsþ k0
2plh
Z y
a
Z a
a
sðnÞ 1
yndndyþu
I
y; jyj< a ð22Þwhere the superscript and subscript’h’ represents the host medium, lh is the shear modulus of the matrix, k0 = 2(1  m) with
m being the Poisson’s ratio.
2.4. Dynamic load transfer
By substituting Eqs. (11) and (22)into Eq. (5), the governing equation for the sensor system with a bonding layer can be
rewritten as cos½ksðaþ yÞ
ksEs sin 2ksa
Z a
a
cos½ksðn aÞpðnÞdn 1
ksEs
Z y
a
sin½ksðy nÞpðnÞdn 1plhZ 1
0
bk2
ð2s2  k2Þ2  4s2ab
þ k0
2s
" #Z a
a
sðnÞ cos½sðy nÞdnds k0
2plh
Z y
a
Z a
a
sðnÞ 1
y n dndyþ
h0
lb  ixcb
sðyÞ
¼ uIyðyÞ; jyj < a ð23Þ
Eq. (23) provides an integral equation in terms of the shear stress s(y). To solve this equation, s(y) will be expanded in terms
of the ﬁrst kind of Chebyshev polynomials, Tj, assðyÞ ¼
X1
j¼0
cjTjðy=aÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 y2=a2
q
ð24ÞwhereTjðy=aÞ ¼ cosðjhÞ; cos h ¼ y=a ð25Þ
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stress s will not be singular, since displacements u+ and u will always be bounded. The singularity involved in Eq. (24)
is for mathematical reasons, i.e. simplifying the integral Eq. (23) and satisfying the orthogonality of Chebyshev polynomials.
If s is expanded into N terms, and Eq. (23) is satisﬁed at the following collocation points along the sensorTable 1
Materia
Elastic
Piezoel
Dielecty ¼ a cos l
N þ 1p
 
; l ¼ 1;2; . . . ; N; jyj < a ð26ÞEq. (23) becomes N linear algebraic equations in term of {c} = {c0, c1, . . . ,cN1}T, the coefﬁcient of Chebyshev expansion. These
N equations can be written in the form of:½Q fcg ¼ fFg ð27Þ
where [Q] is a resulting known matrix, and {F} represents the applied load matrix, which are given in Appendix C. By solving
Eq. (27), {c} can be obtained. It can then be used to determine the axial displacement usy and the axial strain e
s
y of the sensor.
3. Results and discussion
In this section, the electromechanical behaviour of the sensor system subjected to an incident longitudinal wave is con-
sidered. The attention will be focused on the strain distribution along the sensor, which represents the load transfer between
the sensor and the host medium. The effect of material properties of the bonding layer, the loading frequency, the material
combination, and the sensor geometry upon the load transfer will be studied. Different material combinations of the sensor
and the host structure are represented by the material mismatch factor q, which is deﬁned asq ¼ pEh
2ð1 m2hÞEs
: ð28ÞThe sensor geometry parameter, denoted as v, is deﬁned as the ratio of the sensor length to its thickness:v ¼ a
h
ð29ÞThe material constants of a typical piezoceramic (PZT) sensor are shown in Table 1 (Park, 1990), and the material parameters
of the host medium and the bonding layer are shown in Table 2 (Wang and Huang, 2006). The elastic constants of the bond-
ing layer are assumed based on existing material constants (Park et al., 2000). The mass densities of the sensor and the host
medium, qs and qh, are assumed to be 2700 Kg/m3 (Wang and Huang, 2006). The geometry of the sensor is assumed to be
a = 1.0 cm, h = 0.5 mm. The length of the bonding layer is the same as the sensor, and the range of its thickness h0/a is from 0
to 0.032.
It should be mentioned that the solution of the current problem is complex in general cases. The resulting physical strain
should be the real part of the obtained strain after multiplying exp(ixt). In the following discussion, only the magnitude of
the physical strain is considered, which is the most important parameter of the problem. The convergence of the solution
using Chebyshev polynomials, as shown in Eq. (26), has been carefully evaluated. The number of terms of Chebyshev poly-
nomials is selected to be 64, with which the convergence of the results for all the cases considered is ensured.
For the case where the loading frequency is so low that the typical wave length of the incident wave is much longer than
the length of the sensor, the problem could be treated as a static one. In the current analysis it is assumed that a constant
static strain eIy is applied along the y-direction at inﬁnity and the bonding between the sensor and the host medium is perfect.
Fig. 4 shows the effect of v = a/h upon the amplitude of the strain ratio A ¼ jjðyÞj ¼ esyðyÞ=eIy along the sensor, with the mate-
rial constants of the sensor and the host being given by Tables 1 and 2. Signiﬁcant effect of v upon the strain ratio is observed,
with higher value of v corresponding to relatively higher strain ratio. A comparison with the result of the Finite Element anal-
ysis is also given in Fig. 4. Excellent agreement is observed for v = a/h = 20.
3.1. Wave propagation inside the host medium
In general cases, an incident P-wave in the host medium, as shown in Fig. 5, can be expressed as (Achenbach, 1973)~U ¼ A0~deiðky sinh0þkz sinh0Þ ð30Þl properties of the PZT sensor
stiffness parameters (Pa) c11 c12 c13
13.9  1010 6.78  1010 7.43  1010
ectric constants (C/m2) e31 e33 e15
5.2 15.1 12.7
ric constants (C/Vm) k11 k22 k33
6.45  109 6.45  109 5.62  109
Table 2
Material properties of the host medium and the bonding layer
Host medium
Young’s modulus Eh (Pa) 2.74  1010
Poisson’s ratio mh 0.3
Bonding layer
Shear modulus lb (Pa) 1.0  109
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Fig. 4. The static strain ratio.
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magnitude of the wave, h0 is the incident angle, and k represents the wave number of the incident wave, with ka = 1.0 cor-
responding to a loading frequency of 0.12 MHz. The response of the host mediumwithout sensors can be determined by con-
sidering the traction free boundary condition at z = 0. The resulting displacement and strain on the free surface of the hostFig. 5. Reﬂection of a P-wave.
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be different from eIy, which can be obtained using the result given in Section 2,esyðyÞ ¼
ousy
oy
¼ sin½ksðaþ yÞ
Es sin 2ksa
Z a
a
cos½ksðn aÞpðnÞdn 1
Es
Z y
a
cos½ksðy nÞpðnÞdn jyj < a: ð31Þ3.2. Strain distribution along the sensor
The relation between the sensor strain esy and the strain to be measured e
I
y can be evaluated using the amplitude of a dy-
namic strain ratio, j(y), deﬁned as,jðyÞ ¼ e
s
yðyÞ
eIyðyÞ
; jy=aj < 1 ð32Þwhich represents the percentage of deformation transferred from the host medium to the sensor.
3.2.1. The effect of the thickness of the bonding layer
From Eq. (5) it is observed that the effect of the shear modulus lb and the thickness of the bonding layer h0 is governed by
one parameter, the stiffness of the bonding layer lb/h0. For the convenience of discussion, lb value given in Table 2 will be
used and h0 is varied in the following discussion to achieve different bonding layer stiffness. An incident angle h0 = 30will be
used in the following discussion.
Fig. 6 shows the amplitude of the strain ratio along the sensor for the case where ka = 1.0 and for different bonding layer
thickness h0 = 0, 10, 40, 80, 160 and 320 lm. The effect of viscosity is ignored. In this case, a signiﬁcant deduction of the strain
ratio occurs with increasing bonding layer thickness. At y/a = 0.75 for example, a deduction of 20% of the strain ratio is ob-
served when h0 = 80 lm, in comparison with the perfectly bonded case (h0 = 0).
Fig. 7 shows the corresponding results of the strain ratio for a higher loading frequency ka = 5.0. Different from the low
frequency case shown in Fig. 6, increasing bonding layer thickness results in an increase in the strain ratio in the central part
of the sensor, 0.5 < y/a < 0.35 for example. This ﬁgure clearly shows the coupled effect of loading frequency and layer thick-
ness upon the strain ratio distribution.
When ka = 8.0 as shown in Fig. 8, the increase of the strain ratio with increasing h0 can be observed for 0.3 < y/a < 1, except
for the case where the layer is very thick (h0 = 320 lm). But under this high frequency, the distribution of the strain becomes
very complicated.
3.2.2. The effect of the coefﬁcient of viscosity of the bonding layer
From Eq. (5), it can be observed that, as another parameter effecting the stiffness of the bonding layer, the coefﬁcient of
viscosity also contributes to the load transfer between the sensor and the host medium. Different values of cb, from 10 Pa s to
10,000 Pa s, are considered in the simulation to study its effect on the load transfer, with cb = 10 Pa s representing very weak-1 -0.5 0 0.5 1
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Fig. 6. Normalized strain distribution along the sensor (ka = 1.0, q = 0.3928, v = 20.0).
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Fig. 7. Normalized strain distribution along the sensor (ka = 4.0, q = 0.3928, v = 20.0).
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Fig. 8. Normalized strain distribution along the sensor (ka = 8.0, q = 0.3928, v = 20.0).
L. Han et al. / International Journal of Solids and Structures 45 (2008) 5599–5612 5607viscosity, and cb = 10,000 Pa s representing strong viscosity. The loading frequency is chosen to be ka = 1.0, and the thickness
of the bonding layer is assumed to be h0 = 100 lm. The results of the distribution of the amplitude of the dynamic strain ratio
along the sensor are shown in Fig. 9.
It is interesting to mention that although changes in the amplitude of the strain distribution along the sensor can be ob-
served with increasing cb, the change is not signiﬁcant. When cb = 10,000 Pa s, a stiff bonding layer is formed and the result is
similar to that from a perfectly bonded sensor as shown by the ﬁrst curve in Fig. 6.
3.2.3. The effect of material combination
The mismatch between the sensor and the host medium is represented by q, deﬁned by Eq. (28). In the current study, the
material constants of the sensor are ﬁxed, while the Young’s Modulus of the host medium is adjusted to achieve different q
values. In previous examples, the selection of sensor and host medium results in q = 0.3928. For the convenience of calcu-
lation, q = 0.1, 0.5, 1.0, 2.0, 5.0 are selected in the following examples. Two interfacial conditions, h0 = 0 and 100 lm are con-
sidered, and the loading frequency ka = 1.0 are selected.
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Fig. 9. Normalized strain distribution with different coefﬁcients of viscosity (ka = 1.0, h0 = 100, q = 0.3928, v = 20.0).
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condition (h0 = 0). With the decrease of the stiffness of the sensor (increasing q), the amplitude of the normalized strain in-
creases. When q reaches 5.0, the strain distribution curve becomes very ﬂat, approaching 1.0 in most part of the sensor. This
is because the disturbance of a soft sensor is relatively insigniﬁcant.
The corresponding result for the case where the bonding condition is not perfect, h0 = 100 lm, is shown in Fig. 11. In this
case, the thickness is selected to be 100 lm, and the loading frequency remains the same, ka = 1.0. Again, signiﬁcant effect of
the material mismatch q is observed. In comparison with the results shown in Fig. 10, the amplitude changes between two
consecutive curves are more obvious. With increasing q value, the amplitude of the normalized strain can be higher than one.
For example, the maximum value is close to 1.25 when q = 5.0. Considering the fact that higher q value corresponding to
softer sensor, the current result indicates that, even when the host structure is much stiffer than the sensor, the effect of
the bonding layer on the load transfer will still be very important.
3.3. Output voltage of the sensor
According to the relationship between voltage and electric ﬁeld intensity, the voltage distribution along the sensor can be
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Fig. 10. Normalized strain distribution along the sensor with different material combinations (ka = 1.0, h0 = 0, v = 20.0, cb = 10).
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Fig. 11. Normalized strain distribution along the sensor with different material combinations (ka = 1.0, h0 = 100, v = 20.0, cb = 10).
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Z h
0
EzðyÞdz ¼ eshks
ousy
oy
ð33ÞWhen the upper and lower surfaces of the sensor form two electrodes, the total resulting voltage across the sensor can be
obtained by averaging the voltage across the sensor obtained before, i.e.Vout ¼ 1
2a
Z a
a
VðyÞdy ¼ esh
2aks
jusyðaÞ  usyðaÞj ð34ÞDifferent thicknesses of the bonding layer are selected, and loading conditions with ka = 0.0, 1.0, 2.0, 4.0, 8.0 and 12.0 are
chosen to show the variation of the output voltage with the increase of thickness of the bonding layer under different loading
frequencies. The static result with ka = 0.0 is determined by letting the frequency (or ka) approaching zero. In the examples
considered in this subsection, the amplitude of the incident strain ﬁeld is kept to be the same and the output voltage is nor-
malized by the corresponding static result for the perfectly bonded sensor (h0 = 0, ka = 0.0).
Fig. 12 shows the variation of the normalized output voltage of the sensorwith the ratio between the thickness of the bond-
ing layer and the thickness of the sensor (h0/h) under different frequencies. For relative low frequencies, ka = 0.0, 1.0 and 2.0, the0 0.08 0.16 0.24 0.32
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Fig. 12. Voltage distribution with different thicknesses of the bonding layer and loading frequencies (q = 0.3928, v = 20.0, cb = 10).
5610 L. Han et al. / International Journal of Solids and Structures 45 (2008) 5599–5612effect of the layer is insigniﬁcant until it becomes relatively thick (h0/h > 0.16). In these cases, the output voltage can be approx-
imately represented by the static result.With the increase of the loading frequency, signiﬁcant reduction in the output voltage
can be obtained, which is caused by the variation of the electric potential along the sensor under high loading frequency.
4. Concluding remarks
The focus of this paper is on the study of the effect of the material and geometric properties of the sensor and the bonding
layer on the load transfer from the host medium to the sensor, when the system is under high frequency mechanical loads.
Numerical simulation is conducted for special cases. The simulation results indicate that, for relatively low frequency
cases, with the increase of the bonding layer stiffness, the amplitude of the strain distribution along the sensor increases.
For very high frequency cases, however, the strain distribution along the sensor becomes very complicated and unpredict-
able with the decrease of the bonding layer stiffness. As a result, the loading frequency should not be too high in order to
ensure accuracy in sensor output. Besides, the material combination of the sensor and the host structure needs to be care-
fully selected in order to improve sensor efﬁciency.
Appendix A. Effective material constants
The electromechanical behavior of piezoelectric materials can be described byfrg ¼ ½cfeg  ½efEg; fDg ¼ ½efeg þ ½kfEg
where {r}, {e}, {D} and {E} represent the stresses, the strains, the electric displacement and the electric ﬁeld intensity, respec-
tively. [c] is a matrix containing the elastic stiffness parameters for a constant electric potential, [e] represents the piezoelec-
tric constants and [k] represents the dielectric constants for zero strains.
Plane strain deformation in y–z plane will be considered in the current study, which suggests that esx ¼ 0. For a surface-
bonded piezoelectric thin sheet with the direction of its length is deﬁned as y-axis, the traction-free condition along its sur-
face suggests that rsz ¼ 0. Therefore, following condition should be satisﬁed,esx ¼ 0; rsz ¼ 0
For piezoelectric materials with their poling direction along the z-axis, the stress component ry and electric displacement Dz
can be obtained by substituting the above equations into the constitutive equation, and the results are as follow:rsy ¼ c11 
c213
c33
 	
ey  e13  e33 c13c33
 	
Ez
Dz ¼ e13  e33 c13c33
 	
ey þ k33 þ e
2
33
c33
 	
EzTherefore, the effective material constants of the sensor can be expressed asEs ¼ c11  c
2
13
c33
plane strain
es ¼ e13  e33 c13c33 plane strain
ks ¼ k33 þ e
2
33
c33
plane strainAppendix B. Plane elastic waves in elastic half-spaces
A convenient expression of a plane longitudinal (P) wave is given by~U ¼ A~d exp½ikð~x ~p ctÞ
where ~d and ~p are unit vectors deﬁning the directions of motion and propagation, respectively; ~x is the position vector, A
denotes the amplitude of the wave, and k and c are wave number and wave speed, respectively.
By using the notation introduced here, the incident P-wave as well as the reﬂected P- and S-wave (shear) can be denoted as~UðnÞ ¼ An~dðnÞ exp½iknðx1pðnÞ1 þ x2pðnÞ2  cntÞ
where the index n serves to label the various types of waves, as shown in Fig. 5.
The index n is assigned the value n = 0 for the incident P-wave, and we havedð0Þ1 ¼ sin h0; dð0Þ2 ¼ cos h0
pð0Þ1 ¼ sin h0; pð0Þ2 ¼ cos h0
c0 ¼ cL
L. Han et al. / International Journal of Solids and Structures 45 (2008) 5599–5612 5611The reﬂected P-wave is labeled by n = 1, and we havedð1Þ1 ¼ sin h1; dð1Þ2 ¼  cos h1
pð1Þ1 ¼ sin h1; pð1Þ2 ¼  cos h1
c1 ¼ cLThe reﬂected S-wave is labeled n = 2, and we havedð2Þ1 ¼ cos h2; dð2Þ2 ¼ sin h2
pð2Þ1 ¼ sin h2; pð2Þ2 ¼  cos h2
c1 ¼ cTBy using the traction free boundary condition, we haves22 ¼ s21 ¼ 0; x2 ¼ 0
The parameters of the reﬂected P- and S-wave can be determinedk1 ¼ k0
k2=k0 ¼ cL=cT ¼ j
h1 ¼ h0
sin h2 ¼ j1 sin h0
A1
A0
¼ sin 2h0 sin 2h2  j
2 cos2 2h2
sin 2h0 sin 2h2 þ j2 cos2 2h2
A2
A0
¼ 2j sin 2h0 cos 2h2
sin 2h0 sin 2h2 þ j2 cos2 2h2Therefore, once the incident waveform is given, the total displacement along the interface can be obtained as~U ¼ ~Uð0Þ þ ~Uð1Þ þ ~Uð2ÞAppendix C. Sensor Solution
The matrix [Q] used in Eq. (27) is given byQlj ¼ p
cos½ksð1þ glÞ
ksEsh sinð2ksÞ
P2j þ
1
ksEsh
Z p
cos1 gl
sin½ksðcos h glÞ cosðjhÞdh
 1
lh
Z 1
0
P1j
bk2
½ð2s2  k2Þ2  4s2ab
þ k0
2s
 !
dsþ k0
2lh
P3j þ
h0
ðlb  ixcbÞ
 Tjðg
lÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 gl2
q
wheregl ¼ yl=a; k ¼ ka; ks ¼ ksa; s ¼ sa
andP1j ¼ JjðsÞ
ð1Þn sinðsglÞ j ¼ 2nþ 1
ð1Þn cosðsglÞ j ¼ 2n
(
P2j ¼ JjðksÞ
ð1Þn sinðksÞ j ¼ 2nþ 1
ð1Þn cosðksÞ j ¼ 2n
(
P3j ¼
½cosðj cos1 glÞð1Þj 
j j 6¼ 0
0 j ¼ 0
8<
:
9>>>>>>>>=
>>>>>>>;with Jj(j = 1, 2, . . .) and Tj being the Bessel functions of the ﬁrst kind and the Chebyshev polynomials, respectively. a, b can be
obtained from a, b directly, with s and k being replaced by s and k, respectively.
The loading matrix {F} used in Eq. (27) is given byfFg ¼ uIyðgl;0Þ:
5612 L. Han et al. / International Journal of Solids and Structures 45 (2008) 5599–5612References
Gandhi, M.V., Thompson, B.S., 1992. Smart Materials and Structures. Chapman Hall, London.
Banks, H.T., Smith, R.C., Wang, Y., 1996. Smart Material Structures: Modelling, Estimation and Control Masson. John Wiley and Sons, Paris.
Chee, C., Tong, L., Steven, G.P., 1998. A review on the modeling of piezoelectric sensors and actuators incorporated in intelligent structures. Journal of
Intelligent Material Systems and Structures 9, 3–19.
Cohen, Y.B., 2000. Emerging NDE technologies and challenges at the beginning of the 3rd millennium-part I. Material Evaluation 58 (1), 17–30.
Boller, C., 2000. Next generation structural health monitoring and its integration into aircraft design. International Journal of Systems Science 31, 1333–
1349.
Park, G., Farrar, C.R., di Scalea, F.L., Coccia, S., 2006. Performance assessment and validation of piezoelectric active-sensors in structural health monitoring.
Smart Materials and Structures 15, 1673–1683.
Dalton, R.P., Cawley, P., Lowe, M., 2001. The potential of guided waves for monitoring large areas of metallic aircraft fuselage structure. Journal of
Nondestructive Evaluation 20, 29–46.
Giurgiutiu, V., Zagrai, A., Bao, J.J., 2002. Piezoelectric wafer embedded active sensors for aging aircraft structural health monitoring. Structural Health
Monitoring 1 (1), 41–61.
Fukunaga, H., Hu, N., Chang, F.K., 2001. Structural damage identiﬁcation using piezoelectric sensors. International Journal of Solids and Structures 39, 393–
418.
Park, J.M., Kong, J.W., Kim, D.S., Yoon, D.J., 2005. Nondestructive damage detection and interfacial evaluation of single-ﬁbers/epoxy composites using PZT,
PVDF and P(VDF-TrFE) copolymer sensors. Composites Science and Technology 65 (2), 241–256.
Crawley, E.F., de Luis, J., 1987. Use of piezoelectric actuators as elements of intelligent structures. AIAA Journal 25 (10), 1373–1385.
Crawley, E.F., Anderson, E.H., 1990. Detailed models of piezoelectric actuation of beams. Journal of Intelligent Material Systems and Structures 1, 4–25.
Lin, M.W., Rogers, C.A., 1993b. Actuation response of a beam structure with induced strain actuators. Adaptive Structures and Material Systems AD 35, 129–
139.
Dimitriadis, E.K., Fuller, C.R., Rogers, C.A., 1991. Piezoelectric actuators for distributed vibration excitation of thin plates. ASME Journal of Vibration and
Acoustics 113, 100–107.
Tzou, H.S., Tseng, C.I., 1991. Distributed vibration control and identiﬁcation of coupled elastic/piezoelectric systems. Mechanical Systems and Signal
Processing 5, 215–231.
Mitchell, J.A., Reddy, J.N., 1995. A study of embedded piezoelectric layers in composite cylinders. ASME Journal of Applied Mechanics 62, 166–173.
Banks, H.T., Smith, R.C., 1995. The modelling of piezoceramic patch interactions with shells, plates, and beams. Quarterly of Applied Mathematics LIII, 353–
381.
Han, J.H., Lee, I., 1998. Analysis of composite plates with piezoelectric actuators for vibration control using layerwise displacement theory. Composites Part
B 29, 519–672.
Wang, X.D., Meguid, S.A., 2000. On the electroelastic behaviour of a thin piezoelectric actuator attached to an inﬁnite host structure. International Journal of
Solids and Structures 37, 3231–3251.
Zhang, J.Q., Zhang, B.N., Fan, J.H., 2003a. A coupled electromechanical analysis of a piezoelectric layer bonded to an elastic substrate: Part I. Development of
governing equations. International Journal of Solids and Structures 40, 6781–6797.
Zhang, B.N., Zhang, J.Q., Fan, J.H., 2003b. A coupled electromechanical analysis of a piezoelectric layer bonded to an elastic substrate: Part II. Numerical
solution and applications. International Journal of Solids and Structures 40, 6612–6799.
Wang, X.D., 1999. Coupled electromechanical behaviour of piezoelectric actuators in smart structures. Journal of Intelligent Material System and Structures
10 (3), 232–241.
Wang, X.D., Huang, G.L., 2006. Wave propagation generated by piezoelectric actuators attached to elastic substrates. Acta Mechanica 183, 155–176.
Wang, X.D., Huang, G.L., 2006. The coupled dynamic behaviour of piezoelectric sensors bonded to elastic media. Journal of Intelligent Material Systems and
Structures 17, 883–894.
Akella, P., Chen, X., Cheng, W., Hughes, D., Wen, J.T., 1994. Modelling and control of smart structures with bonded piezoelectric sensors and actuators. Smart
Materials and Structures 3, 344–353.
Nakra, B.C., 2005. Vibration control in machines and structures using viscoelastic damping. Journal of Sound and Vibration 211 (3), 449–465.
Park, J.M., Kim, D.S., Han, S.B., 2000. Properties of interfacial adhesion for vibration controllability of composite materials as smart structures. Composites
Science and Technology 60, 1953–1963.
Pietrzakowski, M., 2001. Active damping of beams by piezoelectric system: effects of bonding layer properties. Solids and Structures 38, 7885–7897.
de Faria, A.R., 2003. The impact of ﬁnite stiffness bonding on the sensing effectiveness of piezoelectric patches. Smart Materials and Structures 12, N5–N8.
Lee, C.K., Moon, F.C., 1989. Laminated piezopolymer plates for torsion and bending sensors and actuators. Journal of the Acoustic Society of America 85 (6),
2432–2439.
Achenbach, J.D., 1973. Wave Propagation in Elastic Solids. North-Holland Publishing Company, Amsterdam, New York, Oxford.
Park, Y.E., 1990. Crack extension force in a piezoelectric material. ASME Journal of Applied Mechanics 57, 647–653.
